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Consider on C” the 2n linear differential operators 
zj=++2;9 ~j=~-zj. j = l,..., n. 
J J 
They generate a nilpotent Lie algebra isomorphic with the Heisenberg 
algebra of dimension 2n + 1, where the only non-trivial commutation rules 
are 
[Zj, Zj] = -21. 
These operators generate a family of “twisted translations” 7, on C” 
defined on measurable functions by 
(7JHz) = ev (i x Cwjzj + *jzj)) f(Z) 
= f(z + w) exp(i Im(z . ti)) (w E C”). 
The mapping 7 is the projective regular representation of C” corresponding 
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to the cocycle o(z, w) = exp(i Im(z . @)) [9]. The “twisted convolution” of 
two functions f and g on C” can now be defined as 
= I f(z - w) g(w) cqz, w) dw. C” 
Twisted convolution has been investigated in connection with the Weyl 
functional calculus by several authors [ 1, 6, 141. 
More recently, LP-boundedness of twisted convolution operators has been 
studied by one of us [lo], who proved a multiplier theorem of Hormander 
type. 
The purpose of this paper is to define and describe a Hardy space 3” 
naturally associated with twisted convolution operators. 
In order to define this space, we consider certain maximal operators in 
terms of twisted convolutions. The Hardy space will then consist of those 
distributions which are mapped into L’(V) by any one of these maximal 
operators. 
Some of the maximal operators we consider are the analogues in the 
twisted case of those which define H’ in the theory of Fefferman and Stein 
[31. 
Others correspond to the maximal operators which define the local Hardy 
space h’ studied by Goldberg [5]. 
It is a remarkable difference from the classical case that both kinds of 
operators define the same twisted Hardy space. Z’ can also be identified 
with a closed subspace of the Hardy space on a Heisenberg group with 
compact center. By exploiting this identification other properties of &“’ can 
be derived. On the other hand we are able to obtain a characterization ofZ’ 
in terms of Riesz transforms, while no similar characterization is known for 
the Heisenberg group. 
We also study the boundedness on Z” of twisted convolution operators 
defined by singular kernels. 
Under the ordinary regularity assumptions, operators defined by kernels 
which are singular only at the origin are shown to be bounded on .X1. Such 
operators naturally arise when dealing with potentials associated with the 
differential operator 
L = c (Z,Z, + Z,Z,). 
J 
Singularities at infinity behave in a different way: in general, the same 
regularity assumptions only yield boundedness from 3” to L’. 
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1. STATEMENT OF THE MAIN RESULTS 
We start by introducing the basic notations (see also [3, 9, 10, 13 I). 
Let ~8 denote the class of C”-functions v, on C!“, supported on the cube 
Q(0, 1) of center zero and half-side one, such that IIqllrn < 1 and /Vcpjlco < 2. 
For I > 0, let o,(z) = t-‘“q~(z/t). 
Given u, 0 < u < +a~, and a tempered distribution f, define the grand 
maximal function 
The definition of atom introduced by Coifman and Weiss [2] will be 
adapted as follows: an atom for X’ centered at z E C” is a function a 
supported in the cube Q(z, r) of center z and half-side r, such that ((a((, < 
(2r)-‘” and I a(w) 6(z, w) dw = 0. 
Let v be a C”-function on C” with compact support and such that VEZ 1 
on a neighborhood of zero. Define 
(1.1) 
for j = l,..., n. 
We refer to the singular integral operators Rj, Rj defined by left twisted 
convolution with these kernels as the Riesz transforms. The terminology is 
motivated by the fact that they are essentially the operators formally defined 
as Z.LPLf2, .TjLP112, j= l,..., n. J 
THEOREM A. For a tempered distribution f on C” the following are 
equivalent: 
(i) for some u, 0 < u < +oo, M,fE L’. 
(ii) M,fE L’. 
(iii) For some radial v, E 9, such that j (p(z) dz # 0, 
sup Iqt x f(z)1 E L’* 
o<t<1 
(iv) f can be decomposed as f(z) = Cj Ajuj(z), where the aj’s are 
atoms supported on cubes Q(zj, rj), rj < 2 &and Cj lAjl < +a~. 
(v) fEL’andRjxf,~~XfEL1,firj=l ,..., n. 
(vi) f(z) exp(-i0) belongs to the Hardy space H’(K,), where K, 
denotes the 2n + l-dimensional Heisenberg group with compact center. 
References and details on the space H’(K,) will be given in Section 3. 
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DEFINITION. The space of functions f satisfying any of the conditions in 
Theorem A will be called twisted Hardy space and denoted by XL. 
Equivalent norms for f in ‘&PI are 
(a) the L’-norm of any of the maximal functions in (i)-(iii), 
(b) inf{C,IIZJI:f= CjA,u, as in (iv)}, 
(cl llflll + C1<,<n w, x fill + II& x flM9 
(d) the norm off(z) exp(-if?) in H’(K,). 
Define .%#@ as the space of locally integrable functions on C” such that 
for every cube Q = Q(z, r), r < 2 \/;; and some constant K > 0 
b(u) c3(z, u) du dw < K. (1.2) 
The norm Ilbll* of b in 9MR is the least value of K for which (1.2) 
holds. 
THEOREM B. (1) .9.M@ is the dual of Z’ in the following sense: 
(a) suppose b E 9546. Then the mapping a-+J a(w) b(w) dw 
initially defined on atoms, extends to a bounded linear functional on X’. 
(b) Conversely, tf @ is a continuous linear functional on cF”, there 
is a unique b E 9J8 such that @(a) = J a(w) b(w) dw for every atom a. 
The norm of @ is equivalent to 11 bll* . 
(2) A function b in XM8 satisfies: 
(c) if Q = Q(z, r) and r < 2 6, b(w) ciJ(z, w) E BMO(Q) with norm 
independent of Q; 
(4 if Q = Q<z, r), r > r. > 0, then l/l Ql .f, lb(w)1 dw 4 c(ro) II bll*. 
In particular, condition (1.2) holds without restriction on the size of Q. 
The results on singular integrals are the object of the next two theorems. 
THEOREM C. Let K be a function with compact support such that 
I IK(z - w) - K(z)1 dz Q A, (1.3) lz1>2lwl 
either IIK x f II2 <B Ilf II2 or I&C)1 4 B. (l-4) 
Then Kf = K x f is a bounded operator of dtp’ into itself. 
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THEOREM D. If K is a function which vanishes on a neighborhood of 
zero and satisfies 
I IK(z-w)-K(z)ldz<A, (1.5) IZI >ZIwI 
IK(z)l <B IzI-~‘! (1.6) 
Then Kf = K x f is a bounded operator from 3’ to L’. 
The next section contains the proofs of the following implications of 
Theorem A: (i) * (iv) (Theorem 2.2, Lemmas 2.3 and 2.4); (iv) 3 (ii) 
(Proposition 2.5). The equivalence of (iii), (iv) and (vi) is proved in 
Section 3. In the last section we prove the equivalence of (v) (Theorem 4.6). 
Theorem B is discussed at the end of Section 2, while Theorems C and D 
are the main subject of the last section. 
2. MAXIMAL OPERATORS, ATOMIC DECOMPOSITION AND 2X-48 
For a tempered distribution f on C” the following conditions are 
equivalent and define the local Hardy space h’ [5]: 
(11) f Z(z) = sup @S9 SUPO<l<O I% * f (z)l E L1; 
(12) for some v, E 9 with s q(z) dz # 0 SUP~<~<~ I’pI * f(z)1 EL’; 
s”PP ai c Q(‘jT Ij), 
In these statements u is any fixed positive constant. 
LEMMA 2.1. Assume that supp f c Q(zo, a). Then there is a positive 
constant c(u), independent of zo, such that 
M-’ IIM,f (Z)llI < Ilf(r)Wo9 Z)llh1 G c(a) IIw7s(zI11 * 
ProoJ Via a twisted translation, we can reduce to the case z. = 0. Let 
9 E 9 and 0 < t < u. Then 
v, * f(z) = j- pr(z - w) W(z, z - w) f (w) o(z, w) dw 
= (w’), x f(z)9 
where I@(U) = (o(u) G(z, tu). We only need estimates for IzJ ( 20, because all 
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the functions involved vanish otherwise. Then (1 + a’)-’ v/’ E 9 and 
therefore 
f:(z) < (1 + 0’) M,f(z). 
This proves one of the implications. The other implication is proved 
similarly. 
Consider a partition of C” into a mesh of cubes Qi = Q(z,, a/2) and 
construct a P partition of unity {q,} such that q, is supported on Qf = 
Q<z,, (~1 and IVvjk)l < 20. 
THEOREM 2.2. Assume MJE L’. Then g,(z) =f(z) (p/(z) C(zj, z) is in 
h’ and IIM,fll, is equivalent to 2, II g,llhl. 
ProoJ By sublinearity of M,, &f(z) < Cj W.I~~)(Z); hence 
IIW,flll < Ci ll~,~j/)lll. It follows by Lemma 2.1 that II~Jll, < 40) 
c, II &llhl. 
To prove the converse, observe that 
KuP,)(z) Q c’(o) Kf(z). 
Indeed for Q E 9 
P)t x rnj)W = (!a x f(z), 
where v’(u) = q(u) (o/(z - tu) and (1 + u*)- ’ I@ E 9. 
By Lemma 2.1 this shows that if MJE L’, then g, E h’. Also, 
T II &II/d Q WJ) 7 II~,UV,)lll 
< k(u) c J M,f(z) x,(z) & 
I 
where x, is the characteristic function of the support of M,,(jqj). Since any 
point in C” belongs to at most 4*” of such supports, 
7 II &llhl G 4*“w IIMJlll. 
Remark. Theorem 2.2 shows that the definition of &“’ as the space of 
distributions f such that M,,f E L’ does not depend on u as long as u is 
finite. This follows from the same statement for h’. 
As a consequence of Theorem 2.2 and the atomic structure of hi, every 
function f in 3” can be written as f(z) = C, A,a,(z), where 
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(III) Cj lAjl G c Ilfll.Tl~ 
(II,) aj is supported in Q(z,, rj) and ~~~~~~~ < (2rj)-‘“, 
(II,) whenever rj < u, there exists qj such that lqj - 51 < 20 and 
j ai w(qj, z) dz = 0. 
Conversely, given a sequence (Uj} of functions satisfying (II,), (II,), (II,) 
and a sequence (nj} such that Cj 1 Ail < co, the functionf(z) = CjSaj(Z) is 
in 3’ and llfll rl< c Cj lkjl* 
This is not yet the atomic decomposition for Xi as stated in 
Theorem A(iv). In order to obtain it, we must first replace condition (II,) 
with a “centered” cancellation property. 
LEMMA 2.3. Let a be a function supported on Q = Q(z,,, r), r < u, such 
that 
(0 IlalL < CW*“, 
(ii) la(z) fi(v, z) dz = Of or some ij, ( q - z0 I < 20. If u is suflciently 
small, a can be decomposed as U(Z) = CjAjaj(z), where 
(III,) Cj lLjl < cY 
(III,) SUPP aj c Q(zj, rj), llajllm < (2rj)-*“, 
(III,) I ai W(zj, z) dz = 0, whenever rj < U. 
Proof: Write a(z) = g”‘(z) + b”‘(z), where 
b”‘(z) = +,,, 4~) ok,, w) dw] xo(z) w(zO,z). 
The function ig”’ satisfies (III,) and (III,). 
On the other hand 
1 b”‘(z)1 = & Ijo a(w>(6(zo, w - zo) - 4% w - 4) dw 1 
< 1 to - 7j) r1-2n < 2ur’-2n. 
Hence for p = 2n/(2n - l), II b”‘II, < Cu. 
Let llfll,,, denote the atomic norm off in h’, i.e., inf(J$ IpjI:f= CjpjUj, Uj 
h’-atoms as in (13)}. 
Observe that llfllhl < C(a) IIST II1 9 where C(u) is an increasing function of 
u. Since supp b(l) c Q(zO, u), G(zO, z) b”‘(z) E h1 and 
llc+,, z) b”‘(z>ll~l< C(o) I@%,, z) b”‘WTII, 
< &(~)(a + l)*“+’ Ilw(z,, z) b”‘(z)l&, 
< CC(U) u(u + l)*n+ I. 
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Let tr be small enough to have cc(a) r~(a + I)*“+’ < j. By the definition of 
the atomic norm in h’, we have 
b’“(z) = c v~‘)uy)(z), 
j 
where C, 1rj”1 < 4 and the functions ojl) are as in (II,) and (II,). 
We can now decompose the functions a:‘) whose support is contained in a 
cube Q(z,, r,) with rj < a, as we did for a. Thus 
b”‘(2) = g’*‘(z) + b’*‘(z), 
where 
g’*‘(z) = 1 Ay’a~“(z), 
(xj*) satisfy (111,) and (III,), and C, I$*)1 < 1. 
Moreover 
b’*‘(z) = c vy)uj*)(z), 
j 
where the uj*) are as in (II,) and (II,) and 2, I $*)I < $ . 
By iteration we can construct sequences {Pj and .{ g@} such that 
b’k’ = g’k+ 1) + pt 0, 
gtkt i)(z) = Cj )L:k+l)ajkt ‘j(z), where the a?“) satisfy (III*), (III,) and also 
c,py”I < 2- kt I, btkf l)(z) = Cj rjkt ‘)ujkt i)(z), where the ajki r) satisfy 
(II,), (II,) and also Cj I vj (k+1)l < 2-k-‘* 
This shows that a(z) = xk gtk)(z) and the proof is complete. 
In the following choose c small enough so that Lemma 2.3 holds. 
LEMMA 2.4. Let a be a function supported on a cube Q(z,, r), r > u, 
such that llullrn < (2r)- . 2n Then a can be decomposed as CjlzJu,(z), where 
the u,‘s are atoms us in Theorem A(iv) and Cj I;111 < C. 
Proof: Assume first that r < t/;; Without loss of generality we can 
assume that z0 = 0. Write u(z) = a,(z) + u2(z), where 
adz> = W-” (j- n(w) dw ) xav,,,dz)- 
Then a, has mean value zero, is supported on Q(0, fi) and ~~Q~))~ < 
(2r)-*” + (4~)~” < C(2 fi)-Zn, since r > u. 
607/39/3-S 
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On the other hand 
which vanishes for instance when v = (6, O,..., 0) = ‘lo. 
We can then regard a, as a function supported on Q(q,, 2 fi). Since 
l\aiI(, < (2 fi))-*2n, 2-‘“a, is an Z-atom. 
If r > \/;; we partition Q(z,,, r) by repeated bisection into equal cubes with 
half-side between fi/2 and fi. Correspondingly a decomposes as a convex 
combination of functions to which the first part of the proof applies. 
We have thus proved the implication (i) =B (iv) of Theorem A. The 
converse is an almost immediate consequence of Lemma 2.1. 
We prove now the implication (iv) + (ii). 
PROPOSITION 2.5. The maximal operator M, maps P-atoms into a 
ball of L’. 
Prooj We can assume that (I is an atom supported on Q(0, r). 
Let IJ E 3, t > 0. Then 
(ot x a(z) = I [cplk - w> - v,(z)1 a(w) m w) dw 
+ p,(z) a^(--iz). 
Hence 
I M, a(z) dz < Cr lzl>2r I ,1(>1,14-2”-1 cf.2 
+ I lcq-iz)l (ZJ-2n dz 121>2r 
< C’ 
by Hardy’s inequality. 
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On the other hand 
I M,a(z) dz Q ()aj(,(4r)‘” ( 2’” lZl<21 
because M,a(z) Q ]]u]]~. 
We conclude this section with a few comments on Theorem B. Part (1) of 
the statement follows from the atomic description of Z” given in 
Theorem A(iv), by the method of [2, p. 5931. Part (2) also can be proved 
with the same method, since the following families of functions are uniformly 
bounded in Zr: 
(1) functions h such that supp h c Q(z, r), r < 2fi, ]]h]], & (2r)-*“, 
I h(w) ~%(a, w) dw = 0 for some q, ] q - z ( < 26, 
(2) functions k such that supp kc Q(z, r), r > ro, )I klla, Q (2r)-‘“. 
3. CONNECTION WITH THE HEISENBERG GROUP 
Let H, be the 2n + l-dimensional Heisenberg group, i.e., C!” x R with the 
composition law 
(z, s)(z’, s’) = (z + z’, s + s’ + Im(z -3)). 
Denote by K, the quotient of H, modulo the discrete central subgroup 
generated by (0,2w). The composition law for K, is given by 
(z, P)(w, efcp) = (z + w, t++ %ii(z, w)). 
If f is a function on CR, denote by f” the function on K, defined by 
f#(z, de) =f(z) emre. It is easy to check thatf# * g”= df x g)“. 
The Hardy space H’(H,) is defined in terms of maximal operators [4] or 
equivalently as an atomic space (21. The same can be done on the quotient 
group K,. To be precise, given a function 9, in the Schwartz space Y(H,), 
denote by Q)~(z, s) the function t- 2(“+1)p(z/t, s/t’). Assume that o is radial, 
that is, Q, depends only on ]z ] and s, and that j o(z, s) dz ds # 0. Then the 
space H’(K,) is the space of all distributions f on K, such that 
The “convolution” pI * f is defined as a function on K, by the left action 
of H, on K,. 
H’(K,) can also be defined as the atomic space related to the 
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homogeneous structure, in the sense of [2], induced on K, by its Haar 
measure and the right invariant pseudo-distance generated by the gauge 
I(z, e’“)l = sup{(Re zjl, IIm 51, 11 - eieIv2,j = l,..., PZ). 
(See PI.) 
THEOREM 3.1. A function f belongs to R’ if and only iff # E H’(K,). 
Proof. We show that the mapping P defined on a function (p E L’(K,) by 
Pp(z) = &I’= rp(z, eie) eie d0 
0 
is bounded from H’(K,) into 3”. 
Let a be an atom for H’(K,). Since this space is invariant under right 
translations, we can assume that a is supported on Q#(O, r) = Q(0, r) x 
(&]I-eie]<r2},Q(0,r)b’ g em a cube in C”. Moreover, Ila Ilm < ) Q#(O, r)l- ’ 
and s a(z, eie) dz dB = 0. 
If r > fl, Q#(O, r) = Q(0, r) x T, so that (Q#(O, r)l = (2r)‘“. Hence Pa is 
supported on Q(0, r) and llPalloo < (2r)-2”. By the concluding remarks of 
Section 2, I] Pa 11 F, < C. 
If r < fi, I Q#<O, r)l N r2”+2. In this case Pa is also supported on Q(0, r) 
and 
Decompose Pa as (Pa), + (Pa),, where 
(pa)l(z> = [ (Q(i, r)l JQco,r, pa(w) dw 1 X~covr)(Z)’ 
The function t(Pa)* is an atom for A?“, while II(Pa)lllN*cn-l, < C. By 
Lemma 2.1, II(Pa),jlfi <C’. 
Conversely, let a be an atom in 3”. Here again we can assume that a is 
supported on Q(0, r). If r > \/z, a# is an atom in H’(K,). If r < 4, a# is 
supported on Q(0, r) X T and can be decomposed into a convex combination 
of atoms, by splitting T into subintervals whose length is of the order of r2. 
This identification of 3” with a closed subspace of H’(K,) allows us to 
derive results on the former from corresponding results on the latter. Notice 
that a similar embedding can be used to study h’(R”) as a closed subspace of 
H’(R” x T). 
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By this method we obtain, for instance, that condition (iii) of Theorem A 
also defines Z”. 
THEOREM 3.2. Let p E Y(V) be a radial function such that 
1 p(z) dz # 0. Then f E 6cp’ if and only if 
sup 1% xf(z)] EL’. 
0<1<1 
ProoJ: Let tl E Y(R) be a function such that supp Q c [-1, I], 0 < $ < 1, 
rj(0) = 1. Let ~(z, S) = (p(z) q(s). Then 
yt * f+‘(z, efe) = ((pr x f)(z) fl(t’) eere 
Therefore 
If sup,, 1< I ] q’t x f(z)] E L ‘, then f # E H’(K,) and by Theorem 3.1, 
fEcP. 
Replacing rl by a function 6 E 5“(R) such that 8 = 1 on [- 1, 1 ] we obtain 
the converse. 
Remark. A slight modification of this result shows that SF’ can be also 
defined in terms of the maximal operator related to the fundamental solution 
41(z) = a- (“+“[sinh(2t)]-” exp[- Izl*/tgh(2t)] 
of the “heat equation” alqt = Lq, [ 111. 
4. SINGULAR INTEGRALS 
THEOREM 4.1. Let K be a distribution which is locally integrable away 
from the origin. If 
I 1 K(z - w) cZ(z, w) - K(z)1 dz < A (4.1) IZI >2lwI 
and 
IlKxfllz~Bllfllz (4.2) 
Then the operator Kf = K x f is bounded from 8 to L’. 
ProoJ: It is enough to prove that K maps all atoms into a bounded 
282 MAUCERI, PICARDELLO, AND RlCCl 
subset of L’. Let a be an atom. We may assume that a is supported on 
Q(0, r), r < 2 $i. Th en, since J a(w) dw = 0, for 1 z 1 > 2r 
Ku(z) = 1 [K(z - w) a(z, w) - K(z)] a(w) dw. 
Thus 
1 lZl>ZT IKa(z)l dz < 1 I.%l>U ( IK(z - w) cZ(z, w) - K(z)1 la(w)1 dw dz 
<A. 
On the other hand 
j 
Izl<2r 
IWzI dz G IlKall, (I ,<2rdz)“2 
z 
& CB llul12(2r)” < CB. 
LEMMA 4.2. Let K be a compactly supported distribution on R" locally 
integrable away from the origin, and let w: R" x R" + T be a measurable 
function. Suppose that 
I 
IK(x -Y) w(x, Y) -K(x)1 du <A 
lxl>*lYl 
for any y # 0. Then 1x1 K(x) E L'(R"). 
ProoJ Let us deal first with the case n = 1. If 2/3 < a < 1, then 
Iam -urn-‘1 < fum, so that 
jmIK(x)ldx$ jm~K(x-um+um-l)~(x,u”‘-um-l)-K(x)~dx 
am am 
+ aJ~K(x-u”+um-l 
I am 
)I ah <A + jr0 [K(x)1 dx. 
am-l 
By the same argument, 
I IW)l dx. 1x1 >am 
lK(x)l~<~ + j 
1x1 >am-l 
Therefore there is a constant B depending only on the support of K such 
that 
I 
IK(x)l dx < BAm, 
IXI >am 
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which implies that 1x1 K(x) EL’(R). In dimension n larger than one, a 
similar inequality is obtained by/means of an n-fold iteration of the argument 
above, with translations in orthogonal directions. 
COROLLARY 4.3. Let K be a compactly supported distribution locally 
integrable away from the origin in C”. Then 
I IK(z - w) a(z, w) - K(z)1 dz < a0 MI >2lWl 
tf and only if 
5 IK(z - w) - K(z)1 dz < 00. ILI >2IWI 
Proof: The statement follows from Lemma 4.2 and the fact that K has 
compact support, because 
i 
IK(z - w) ti(z, w) - K(z)1 dz 
III >2IWI 
< 
I 
1 K(z - w) - K(z)1 dz + j- IK(z)l I G(z, w) - 1 I dz 
I~l>2l~l IZI >2lWl 
Q 
I IZI>2lWl 
l~~~--w)-~~~~I~~+~r,>2,w,I~Il~ll~~~~l~~ 
and conversely, 
s 1 K(z - w) - K(z)1 dz l~l>2lWI 
< I Izl >Zlwl lg(Z-w)~(~~w)-K(z)ldz+~,i,>2,wll~ll~ll~(Z)Jd~. 
THEO&M 4.4. Let K be a compactly supported distribution which is 
locally integrable away from the origin. Suppose that (1.3) holds and that 
[K(r)1 < B. Then the operator I$f = K x f is bounded from Z’ to L ‘. 
Proof In view of Corollary 4.3, it is enough to modify the part of the 
proof of Theorem 4.1 concerning the estimate for Iz I < 2r. One has: 
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c 
< I’ 
. lll<Zr 
IK * a(z)1 dz +i 
1:1<2r 
j IK(z - w)I lO(z, w) - 11 la(w)1 dw dz 
~~~+~1~11~~~~1~,~,~2~1~-~11~~~-~~1~~~~ 
< CB + 2fili IzlWz)ll,. 
Piecing together these results, one has: 
COROLLARY 4.5. If K sutisjies the conditions of Theorem C, then the 
operator Kf = K x f is bounded from 3’ to L’. 
The next result completes the prodf of Theorem B: 
THEOREM 4.6. A function f belongs to OF’ ifund only iff, Rj X S, Rj X f 
are in L’, j = l,..., n. 
We need two lemmas. 
LEMMA 4.7. Let v, be a Lipschitz function on C” und denote by M, the 
operator of multiplication by 9. Then the commutators [R,,M,], [iij,M,], 
j= l,..., n, are bounded on L’. 
Proox Let f be in L’. Then 
Rj X (Vf )(z) - p(z)(Rj X f)(z) 
= 
I 
Rj(z - w)[q(w) - q(z)] f(w) W(z, w) dw 
so that 
II[Rj,M,lfII,GC d~IIR~(~-~)II~-~IIf(~)ld~ I 
G C’ Ilf II, 
because I z I Rj(z) E L ‘. 
LEMMA 4.8, Assume that f is an L’function supported on Q(z,, 1). Then 
IIRj xf-W(zg, *>R/ * C@(ZCIV *))I11 G CIIf II1 
and similarly for Rj, j = I,..., n. 
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ProoJ The result follows easily from the estimate: 
I4 x f(I) - 4zo 9 z) Rj * UWo 9 -N(z)1 
< 5 
I R,(z - w)l If(w)1 1 a@, w) - 8(z,, w  - z)l dw 
<c IRj(z-w)llz-wlIf(w)l~w 1 
because R, has compact support. 
Proof of Theorem 4.6. Let {q+} be the partition of unity used in the proof 
of Theorem 2.2 (corresponding to u = 1). Then, assuming that f, Rj x f, 
&xfEL', we have 
G Cl c Iww(Z,, *)llnl 
k 
+ ,<F<,. (IIRj * dfqkc3tzkT *)>I11 
+ II& * @kQtZk, *))h)] 
by Lemma 4.8. Now applying Lemma 4.7, we have 
Ilfllm < c, c [Ilhkh + c 
k l<i<n 
(ii@, xf) ‘Pkh + @, xf) rkh)] 
= c, [llfll~ + c I<l<n (IIR, xflll + II& xfllh]~ 
In order to complete the proof of Theorem C, we need to show first that 
the Riesz transforms map ,X1 into Z’. 
LEMMA 4.9. The Riesz transforms are bounded on X’. 
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Proof: Consider on the Heisenberg group H, the operators defined by 
left convolution with the kernels 
Sj(Z, t) = (lz14 + f:yn+w4 ’ sj(z, t) = -J (Iz14 + ; jm+w4 ’ 
A result of Knapp and Stein [7] asserts that such operators are bounded 
on L2(H,). If (lz]’ + f2)li4 > 2(]w14 + s2)‘14 they also satisfy 
Hence the kernels Tj and F, on K, obtained periodizing Sj and f, with 
respect to the central variable c are bounded on L’(K,) and satisfy, for 
I(z, eie)l > 2 I(4 e’9 
1 T,((z, efe)(w, e’@)- ‘) - Tj((Z, e’“))l < C l(i(:~O~~~~~ 3 . 
, 
It follows from [2, p. 5991 that they map H’(K,) boundedly into itself. 
For a function in H’(K,) of the formf#,fE Z’, 
(Tj * f#)(z, eie> = (c(l) x f)“, 
G( 1) = &p T,(z, eie) eeie d6’ 
0 
=- 2i 1: O3 S,(z, t) e-” dt 
m 
1 
=- zi 
2lr IZIZn+l 5 
T,m (1 + s2)- (2n+3U4 exp(-is lz]‘) ds 
= j&T Yw’)~ 
where w  is a continuous rapidly decreasing function [ 13, p. 1321. 
Hence c(l) differs from Rj by an L’ function. Therefore Rj is bounded 
on Z” by Theorem 3.1. 
We can now complete the proof of Theorem C. 
Proof of Theorem C. Let K be a kernel satisfying the hypotheses of 
Theorem C. By Corollary 4.5 we already know that K maps Z’ into L’. By 
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Theorem 4.6 we only need to show that the same is true for R,K, R,K, 
j = l,..., n. 
But R,K can be written as KR, + [R,, K]. By Lemma 4.9, KR, maps G?” 
into L I. Therefore the proof will be complete as soon as we show that 
[R,,K] is bounded on L’. 
Because of Lemma 4.2, the estimate 
I4 x K(z) - K x Rj((Z)l < J IR,(z - w)l [K(w)1 qz, w) - w(z, w)l dw 
< I IR,(z - w)l IK(w) - oJ2(z, WI CfMJ 
<2 l~,(z--wt)llZ-WII~(w)lIwl~w I 
shows that [R,, K] is twisted convolution by an L’ function. 
Proof of Theorem D. Let a be an atom supported on Q(0, r), r < 2 &, 
such that j a(w) dw = 0. For I z I > 2r 
K x u(z) = 1 [K(z - w) - K(z)] u(w) fqz, .w) dw 
+ K(z) a^(-iz). 
By (1.5) the integral over ]z] > 2r of the first term can be estimated as in 
Theorem 4.1. On the other hand 
I Izi>*r IK(z) a^(-iz)l dz Q J,r,,2r ‘t:it)’ dz 
by Hardy’s inequality. The estimate 
I ( Ku(z)1 dz & C Irl<*r 
follows as in the proof of Theorem 4.1, once we remark that K is in L* and 
that L* is an algebra for twisted convolution [ 121. 
COROLLARY 4.10. If K is u distribution which satides either the 
assumptions of Theorem C or those of Theorem D, then the twisted 
convolution operator K is bounded from L”O to A?&&‘. 
Proof: Since a kernel satisfying the assumptions above is bounded from 
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Z’ to L’ (Corollary 4.5 and Theorem D), the result follows via Theorem B, 
because the adjoint operator K* is associated with the kernel 
K*(z) = K(-z), which satisfies the same assumptions. 
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